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Abstract 

Associated to a composition of M and a composition of N, a new presentation of the 
super Yangian of the general hnear Lie superalgebra Y{qIj^^j^) is obtained. 
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1 Introduction 

For each simple finite-dimensional Lie algebra g over C, the associated Yangian Y{q) was 
defined by Drinfeld in [Dl] as a deformation of the universal enveloping algebra C/(0[x]) 
for the polynomial current Lie algebra q[x]. The Yangians form a family of quantum 
groups which give rise to rational solutions of the Yang-Baxter equation originating from 
statistical mechanics; see [CPJ . A Yangian admits PBW basis, triangular decomposition 
and Hopf algebra structure. The Yangian Y{gl^) of the reductive Lie algebra glj^ was 
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earlier considered in [TF] , It is an associative algebra whose defining relations can be 
written in a specific matrix form, which is called the RTT relation; see e.g. |FRT] 
and [MNOj . The structures and representation theory of Y{qI^) have been studied by 
many people; see e.g. |KRS| . [Taj . [MNO | . and |Moj . In [D2], Drinfeld gave a new 
presentation for Yangians and it in particular can be used to define the analog of the 
Cartan subalgebra and the Borel subalgebra in Y{qIj^). 

In |BKlj . Brundan and Kleshchev found a parabolic presentation for Y{qIj^) as- 
sociated to each composition A of N. Roughly speaking, the new presentation corre- 
sponds to a block matrix decomposition of gl^v of shape A. In the special case when 
A = (1, 1, ... , 1), the corresponding parabolic presentation is just a variation of Drin- 
feld's; see }BKli Remark 5.12]. On the other extreme case when A = (A^), the corre- 
sponding parabolic presentation is exactly the original RTT presentation. The parabolic 
presentation allows Brundan and Kleshchev to further define the standard Levi and 
parabolic subalgebras of Y{qIj^), and thus to obtain a Levi decomposition of y(g[^). 
The parabolic presentations have played a crucial role in their subsequent work [BK2j . 
in which they derived generators and relations for the finite M^-algebras. 

The main goal of this article is to obtain the superalgebra generalization of the 
parabolic presentations of |BK1] for the super Yangian Y{Qij^,^j^). The super Yangian 
of the general linear Lie superalgebra Y(gi]^,^]s;) was introduced by Nazarov in [Naj . and 
it shares many properties with the usual Yangian, such as the PBW theorem, the RTT 
relation and the Hopf algebra structure. The results of this article will be used in a 
sequel on the connection between Y{Q^]<^^^J^) and the super VF-algebras. 

Let A be a composition of M and v he a composition of A^. We first define some 
distinguished elements in Y{qI^^]^), denoted by D's, E's and F's, by Gauss decomposi- 
tion and quasideterminants. We show that these new elements form a set of generators 
for Y(Qi]y.j^j^). The next step is to find the relations among the new generators, where 
the signs arising from the Z2-grading are involved here. However, since the (A|i/)-block 
decomposition of qIm\n respects the Z2-grading of the superalgebra, the signs in the 
relations are determined by the block positions only. It is known (cf. [BKlj ) that if 
the elements are from two different blocks and the blocks are not "close", then they 
commute. This phenomenon remains to be true in our super Yangian setting and it 
dramatically reduces the number of the nontrivial relations. Hence we only have to 
focus on the commutation relations of the elements in the same block or when their 
block-positions are "close" . Let m be the number of parts of A and n be the number of 
parts of u. Then the first new non-trivial case will be m = n = 1, and the new ones will 
be m = 2, n = 1 and m = 1, n = 2 (see Section 4). In these special cases, we determined 
various relations among D's, E's and F's by direct computation. 

Next, we make use of the shift map Vfc and the swap map Cm\n between super 
Yangians (see Section 4). These maps allow us to transfer the relations in the special 
cases with m + n < 3 to relations in l^(0tjvf |iv) ™ the setting of general compositions A 
and z/. Finally we show that we have found enough relations for our new presentation. 
As a consequence, we obtain the PBW bases for several distinguished subalgebras of 

The parabolic presentation in the extreme case when all parts of A and are 1 was 
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found by Gow in [Goj . who used the presentation to define the super Yangian of the 
special hnear superalgebra y(s[7v|Ar) which was missing in the literature and to determine 
the generators of the center of 1^(01^/1;^). However, there are non-trivial relations that 
can not be observed in this special case and nevertheless play an important role in our 
paper (see Remark 7.1 below). 

We organize this article in the following manner. In Section 2, we recall the definition 
and some properties of y(0[^|jv)- In Section 3, we introduce the generating elements 
in our parabolic presentation by means of Gauss decomposition. In Section 4, we define 
some maps between super Yangians in order to reduce the general case to special cases 
when m + n < 3, and Section 5 and 6 are devoted to these special cases. Our main 
theorem in the general case is formulated in Section 7 and its proof is completed in 
Section 8. 



2 Properties of the super Yangian ^(s^m|a^) 

Most of the theorems and lemmas in Sections 2 to Section 4 are generalizations of the 
counterparts for Y(qIp^) in |MNO] or [BKlJ. 

The super Yangian Y{glj^^j^), which was introduced in |Na] . is the associative Z2- 
graded algebra (i.e., superalgebra) over C with generators 

{ttj^ I 1 < < M + iV;r > 0} , 
where tf^^ := 6ij and defining relations 

min(r,s) — 1 

[t;;\tS] = (-ir^-^^'^^' E 0g4r"'"*^-^r""'*J?)' (2-1) 

t=0 

where i = if i < M, i = lifi>M+l, and the bracket is understood as a supercom- 
mutator. For r > 0, the element t-J-* is defined to be an odd element if i + j = 1 and an 
even element if i + j = 0. 

Remark 2.1. When N=0, the super Yangian ^(01^/10) ^-5 naturally isomorphic to the 
usual Yangian Y[q[]^j); when M=0, the super Yangian y(0lo|^) is also isomorphic to 
the usual Yangian Y[q{j^) by the map Co|Af; ■^ee Section 4- 

We define the formal power series to be the generating series (with non-positive 
powers of a variable u) of the generators: 

tij{u) = 5ij + tf^u~^ + tfu-^ + tfu-^ + .... 

Also define 

M+N 

T{u) := E Ujiu)C^Ei,{-iy^'^-^'^ G y(0[M|Ar)[[n-i]] ® End ^M\N ^ 
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where Eij is the standard elementary matrix. The extra sign ensures that the product 
of matrices can be calculated in the usual manner. We may also think T{u) as an 
element in MatM+N [Y {Ql]y.i\j'^)[[u^^]) , the set of (M+N) x (M+N) matrices with entries 



We may also define the super Yangian i^(0fM|Af) by the RTT relation: 



R{u - v)Ti {u)T2 {v) = T2 {v)Ti {u)R{u -v), (2.2) 



where 



P12 

Ti{u) = T{u) ® Mm+n, T2{v) = Mm+n ®T{v), R{u-v) = l 



{u — v)^ 

M+N 

and P12 = {—ly Eij <^ Eji is the permutation matrix. 

The equality is in MqIm+n ^ Mo.tM+N '^Y {q^m\n){{'^^'^ :'^^^)) ^ which means the local- 
ization of MatM+N®MatM+N®y{Q^M\N)^^~''^->'^~^V\ the multiplicative set consisting 
of the non-zero elements of C[[u^^, f ^^]]. 

Remark 2.2. Note that we have {u — in the matrix R{u — v). Hence we have to 
replace Y{qIj^j^]^)[[u^^ ,v^^] by a certain extension containing {u — v)^"^ . 

Equating the coefficients of Eij E^j. on both sides of (2.2), we have the following 
equivalent defining relations in terms of the generating series: 



%j{u),th^(y)\ = r ithj{u)tik{v) -thj{v)tik{u)]. (2.3) 

[u — V) \ / 

Note that the matrix T{u) is invertible, hence one may define the entries of its inverse 

by 

(r(.))-^ := {t[,(n))f^. 

Multiplying T2{v)~^ on both sides of (2.2) and use the same method getting (2.3), we 
have yet another relation: 

[tij{u),t'hkiv)] = [^hj Yj tii{u)t'ik{v) - d,^k Yl ^'hiiv)tij{u)j. (2.4) 

^ ' 1=1 1=1 



As an easy consequence of (|2.4p . we know that for all r and s, ii i ^ k and j ^ h, then 
tl^^ and t'l^'l) supercommute. The following is the PBW basis theorem for Y{Qljyf^j^). 

Proposition 2.1. lGo\ Theorem 1] The set of all monomials in the elements 



< i,j < M + iV,r > 1} 



taken in some fixed order ( containing no second or higher order powers of the odd gen- 
erators) forms a basis for Y{qIj^,j\j^). 
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We have the loop filtration on l^(0lAf|jv) 

LoY{qIm\n) C LiY{glMiN) Q ^2l^(0lAf|iv) ^ 



(r) 



defined by setting deg t 
monomials of the form t^^]^t[^^^ 



1 for each r > 1 and LkY^glj^j^j^) is the span of all 
• t[ljl with total de gree — 1) < ^- We denote 



the associated graded algebra by gr Y{Ql;^,f^j^^). 

Let 0lAf|Ar[i] denote the loop superalgebra qIm\n with the standard basis 

{Eijf \1 < i,j < M + N,r > 0} and f^(0^M|^rM) denote its universal enveloping 
algebra. By the PBW theorem for Y{qI]^,j^j\i), we have the following corollary. 

Corollary 2.2. I Gal Corollary 1] The graded algebra gr^Y{Ql^^j^) is isomorphic to the 
universal enveloping algebra ^^(01^-/ |iv[i]) by the map 



r-l 



3 Gauss decomposition and quasideterminants 

Let A be a composition of M and v he a, composition of N . In the remaining part of 
this article, for notational reason, we set 



A. 



and 



^im+j = for all 1 < i < m, 1 < j < n, 



and n= (/ii, /X2, • • • , Aim I A*m+i, Mm+2, • • • , l^-ra+n) denotes the composition of {M\N). 

By definition, the leading minors of the matrix T{u) are invertible. Then it possesses 
a Gauss decomposition (cf. |GRj ) 

r(n) = F{u)D{u)E{u) 

for unique block matrices D{u), E{u) and F[u) of the form 



D{u) 



E{u) 



( Di{u) 

D2{u) 

\ 




V 








Dm+n{u) / 

El^m+niu) \ 
E2,m+n{u) 



F{u) 



'Ml 



^2,1 (n) 



/ 

\ 





5 



where 



(3.1) 
(3.2) 

(3.3) 



are fia x fJ-a, fJ-a X fJ-b and fib x fia matrices, respectively, for all 1 < a < m + n in (3.1) 
and all 1 < a < 6 < m + n in (3.2) and (3.3). 

Definition 3.1. We call the indices a,b the block positions, and the indices i,j the 
entry positions. 



Also define the fj.a x fia matrix D'^{u) = {D'a-ijiu)) 

D'M ■■= {Da{u))-\ 
The entries of these matrices are expanded into power series 



by 



D'a;iA^) = 
Ea,b;i,j{u) -- 
Fb,a;i,j{u) -- 

Moreover, for l<a<m + ?7- — 1, we set 



is) -T 



r>0 



r>0 



(r) 



r>l 



/ .'^b.a-.i.i'^ 



r>l 



Ea;i,j{u) :- Ea,a+l;i,j{u) - Ylr>l ^a^i^j 



1 



^a;i,j{'u) ■— Fa+l^a:i,j{u) — J2r>l ^ajj 



U 



There are explicit descriptions of all these series in terms of quasideterminants 
(cf. [GKLLRT] . [GRj ) . To write them down, we introduce the following notation. Sup- 
pose that A, B, C and D are axa, axb, bxa and 6x6 matrices respectively with 
entries in some ring. Assuming that the matrix A is invertible, we define 



A 
C 



B 

IT 



We write the matrix T{u) in block form as 

T{u) = : 
where each '^Tafi{u) is a /Ua x //^ matrix. 



D - CA-^B. 

■■■ Ti,m+n('u) 

'^-^m+ra,m+ra (^) 
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Proposition 3.1. \GR^ We have 

Da(u) 



(3.4) 



Ea,b{u) = D'Ju) 



(3.5) 



Fb,aiu) 



(3.6) 



for all 1 < a < m + n in ([^^P and l<a<b<m + nin i3.5]) . 113. 6\) . 

We denote the (i, j)-th entry of the Ha x fib matrix ^Ta^b{u) by Ta^b;i,j{u) and denote 

(r) 

the coefficient of in Ta^b;i,j{u) by T^^.^ ■. By Proposition 3.1, we immediately have 



.(1) 



7(1) 



for ah admissible b,i,j, 



(3.7) 



and 



<L=^&L=4- fo^all l<ij<l^i,r>0. (3.8) 
By induction, one may show that for each pair a, b such that l<a + l<b<m + n— 1 
and 1 < i < 1 ^ J < /^b; we have 



(r) 

a,b;i,j 



(1) 1 



^b,a;i,j — \ ^) l^b~l;i,k^^b-l,a 



6-1 [77(1) 



(3.9) 



for any 1 < < fib-i- Here, a := if 1 < a < m and a := 1 ii m + 1 < a < m + n. 

By multiplying out the matrix product T{u) = F{u)D{u)E{u), we see that each 
t^^^ can be expressed as a sum of monomials in d[^.} eI^}- ■ and f/'"^.- ■, appearing in 
certain order that all F^s before Z^'s and all D^s before -E"s. By (13. 9p . it is enough to use 
D^Jj, E^^Jj and F^^^-j only, rather than all S's and -F's. We have proved the following 
theorem. 

Theorem 1. The super Yangian l"(sfM|Af) generated as an algebra by the following 
elements 

{^S,i'<S|l<«<"^ + ^' l<^,j<^a, r>0}, 
{^^J^lj I'i^ < a < m + n, 1 < i < fiaA < j < A^a+i, r>l}, 



{F^2j \'^<a<m + n, l<i< fia+i, 1 < j < f^a, r > l} . 
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4 Maps between super Yangians 



Our ultimate goal in this article is to find out the defining relations among the generating 
elements {D^^^Jj , D'}!')j , e'^JIJ^ , F^^J^- } in y (glj^^i^) . The strategy is to work out the special 
cases when m and n are either 1 or 2, which are relatively less complicated, and then to 
apply the maps in this section to obtain the relations in the general case. 

Proposition 4.1. (1) The map Pm\n '■ ^(flWlAf) ~^ ^iQ^N\Ai) defined by 

PM\N{Uj{u)) = iM+Af+l-i,M+7V+l-j(— "u) 
is an algebra isomorphism. 

(2) The map ujm\n ■ y{Q^M\N) ^ y{Q^M\N) defined by 

^m\n{T{u)) = [T{-u)y^ 

is an algebra automorphism. 

(3) For any k G Z>o, the map ipk ■ Yi^hilN) ^ '^(5^A:+Af|Af) defined by 

Ipk = ^k+M\N ° ^M\N ° ^M\N: 

where ipM\N '■ ^(0^A/|Af) ~^ ^(0^fc+M|Af) ^•^ inclusion which sends each t^[^ in 
^{Q^M\n) t^+i k+j '^{8h+M\N)j ^■^ injective algebra homomorphism. 

(4) The mdp C,M\N '■ ^{q^m\n) ~^ ^ {Q^n\m) defined by 

Qm\N = PM\N ° ^M\N 

is an algebra isomorphism. 
Proof. Follows by checking that these maps preserve the RTT relation (j2.2p . □ 

Remark 4.1. The composition Y{q\j^) = Y{q{j^^q) ^^'°> Y{q\q^j^) is an algebra isomor- 
phism. 

We call '4>k the shift map and Capiat the swap map. It is clear that ■00 is the identity 
map and Cm\n has order 2. Since they are important for us, we write down their images 
explicitly. 

Lemma 4.2. Let 1 <i,j < M + N. 
(1) For any A; G N, we have 

tii{u) ■■■ tik{u) 



h,k+j{u) 

tk,k+j{u) 



tki{u) ■■■ tkkiu) 
tk+i,i{u) ••• tk+i^k{u) tk+i^k+j{u) 



(4.1) 
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(2) We have 

CM\N{tij{u)) = tM+Ar+i_ij/+Ar+i_j('u). (4.2) 

First note that the description of ipk{tij) in (14. ip is independent of M and N, hence 
our notation is unambiguous. Also, (j4.ip along with quasideterminants in Section 3 
implies that 

Da;i,jiu) = VMi+A.2 + ...+A«a-i(^l;ij(^)). (4-3) 
Ea;i,j{u) = V'Mi+M2 + ...+Ma-i(^l;i,iW)> (4-4) 
Fa;i,jiu) = ?/'^i+^2 + ...+^,_i(i^l;ij(n)). (4.5) 

Secondly, observe that ipk maps t^(u) G Y{QiM\N) to ifc+i,fc+i(") ^ ^(0^A;+M|iv)- So 
(^(0^A^|^r)) is generated by the set {t'^^^ ^^j- \1 < i,j < M+N, r > 0}, as a subalgebra 
of ^(0^fc+A^|Af)• If pick any element t-^^ in the north-western k x k corner of T{u) 
(viewed as an (/c + M + A^) x (A; + M + A^) matrix with entries in ^(0lfc+M|Ar)[[^~"^]])5 t^e 
indices will never overlap with those of ^/'fc(y(g[jv/|^)), which are in the south-eastern 
(M + A) X (M + A) corner of the same T{u). By equation (12. 4^ . they supercommute. 
Obviously, the elements in the north-western k x k corner in ^(0lfc+M|Af) generate a 
subalgebra isomorphic to y(g[^) by the defining relations (j2.ip . We have proved the 
following lemma. 

Lemma 4.3. The subalgebras Y{Qlf^) and Tpk{y{Qhi\N)) ^(0WAf|Af) supercommute 
with each other. 

Now we study the map Cm\n- Associate to the composition /i, we may define the 
elements {o'^a}/^ ^'^Ij) ^ {^Irjj}^ ^-^<^lj^ ^(0^A/|Af) by Gauss decomposition. Consider 

the reverse of /i, which is a composition of (A|M). With we may similarly de- 
fine the elements {D^al,j'^ ^'a%) ^ i^^h^ ^(0'Ar|M)> by abuse of notations. 
Their relations are given in the following proposition, which is a generalization of jGo^ 
Proposition 1]. 

Proposition 4.4. For all admissible a, i, j, we have 

CM\N{Da;i,j(u)) = -C»^+„+l-a;/i„+l-i,^Ja+l-j (4-6) 
CM\N{Ea;i,j{u)) = --?^m+n-a;^a+l-j,/ta+i+l-i (■«) , (4.7) 
CM\N{Fa;ij{u)) = -Em+n-a■,^ia+l+l-i,^J.a+l-j{'^)■ (4-8) 

Note that the D's, E's and F's on the left hand side are in Y {Ql]^f^]^)[[u^^]], while those 
on the right hand side are in Y {gl]^\]^,j)[[u~^]]. 

Proof. The proof is essentially the same as [Gol Proposition 1], except that we decom- 
pose the matrix T{u) into block decompositions and the entry positions are flipped 
around by (. For a given composition /i, multiply out the matrix products 

r(n) = F{u)D{u)E{u) and T{uy^ = E{u)-^ D{u)' F{u)-^ . 
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Then the following matrix identities hold. 



ra,a(u) 


= Da{u) + Fa,c{u)Dc{u)Ec,a{u), 
c<a 


(4.9) 




= D'^{u) + 2^ Ea,c{u)D'^{u)Fc,aiu), 
c>a 


(4.10) 


Ta,b{u) 


= Da{u)Ea,b{u) + Y,Fa,c{u)Dc{u)E,,b{u), 

c<a 


(4.11) 




= Ft,a{u)Da{u) + J2 Fb,c{u)Dc{u)E,^a{u), 

c<a 


(4.12) 




= Ea,b{u)D'i,{u) + EaAu)D',{u)F,^b{u), 

c>b 


(4.13) 




= D'f,{u)FbAu) + Yl Eb,c{u)D',{u)F,^aiu), 


(4.14) 



c>b 



for all 1 < a < m + n in (jMD, (jiJOj) and l<a<b<m + nm ([ilT]) - (jiJi]) . Here 
T^f^{u) denotes the fia x /ifo-matrices in the (a,6)-th block position oiT{u)~^, T'^^.^-{u) 

denotes the (i,j)-th entry of r^^(u), r^^^-ij denotes the coefficient of u"^ in T'^^.^-{u) 
and 

Ea,b{u) ■■= Y (-l)'^a,n(u)^n,i2(n)---^»,_i,6(n), 

a=io<ii<...<is=b 

FbA^) ■= Y (-l)'^M.-iW^*.-i,W2H---^n,a(n). 

a=io<ii<...<is=b 

In fact, (j4.7p and ()4.8p are the special cases when 6 = a + 1 of the following more general 
relations. 

(n), (4.15) 

CM\N{Fb,a;ij{u)) = -Em+n+l-f),m+n+l-a;At6+l-i,^a+l-j ("") • (4-16) 

One can easily derive (|4.6p . (|4.15p and (|4.16p simultaneously by induction on a. □ 

Now we describe the relations among the L>'s. We first claim that 

[Da-ij{u),Db;h,k{v)] = 0, unless a = b. 

Assume a < b. For 1 < a < m, there exists a suitable number 1 < k < M such that 
F>a;i,j{u) is Contained in the north-western k x k corner of ^(fllAflAf)!!"""^]]) i-^-j 

Da,^Au) G y(gl,)[[n-i]] C Y {q{m\n)[[u-^]] 

and 

Hence they supercommute by Lemma 14.31 For m + 1 <a<m + n, we may apply 
the swap map C,m\n first then it is transformed to the above case in the super Yangian 
Y{q\-n\m) s-i^d our claim follows. 
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We next compute the bracket explicitly when a = b. For 1 < a < m, by (|4.3p and 
(j3.8p . we have 

[Da-i,jiu),Da-h,kiv)] =i^f^l+f^2 + ...+fia-l{[Dl;i,jiu),Di.hA^)]) 

= '^^il+fl2 + ...+^ia-li[Uj{u),thk{v)]). 

For m + 1 < a < m + n, we set d := m + n + 1 — a. Then we have 1 < d < n and hence 

Da-ij{u) = CAf|J\/(-Da;^3+i_j,^a + i_j(u)) 

= Cn\M ° V'/xi+Ma+.-.+Ma-i (^l;Ma + l-i,Ma+l-i('")) 

Therefore, for m + 1 < a < m + n, we have 

[^a;i,j i^a;h,fe(w)] = Cn\M ° V'Mi+M2 + ...+Ma-i ([Va + l-i,Ma+l-i(")' *A*a + l-?*,Ma + l-fe(^)]) • 

Referring to the definition (j2.3p . for any 1 < a < m + n, we have 



Collecting the coefficients of u~'^v~^, we have proved the following proposition, which is 
parallel to the results in [BKH Section 4]. 

Proposition 4.5. The relations among the elements {D^^a-i j ^ ^'wi f'^'^ ^ 0, 

1 < ^) J ^ l^a, 1 < a < m + n are given by 



i=0 



minir, s) — l 

L-^a;i,j' -^6;/i,fcJ — "ab \-^a;h,j^a;i,k a;h,j ^a;i,k)^ 

and these elements generate a subalgebra o/y(0[^|^). 

We call the subalgebra in Proposition 14.51 the standard Levi subalgebra of y(0lj\,/|jv) 
associated to fj, and denote it by 1^. Note that in the special case when all = 1, the 

(1,...,!) 



subalgebra YP^ -^n is commutative. 



5 Special Cases: non-super case and m=n=l 

The following theorem of Brundan and Kleshchev describes the relations among the 
generators in the non-super case. 



11 



Theorem 2. WKll Theorem A] Let X = (Ai, A2, • • • , Am) be a composition of M. The 
following identities hold in Y{qI]^.j)({u^^ ,v^^)) for all admissible a,b, f, g, h,i, j, k:. 



[u - v)[Da-ij{u),Eb.h,kiv) 
{U - v)[Da;ij{u),Fb-h,k{^) 

(n - v) [Ea-ij (n) , Fb-h^k (v) 

(n - v)[Ea;ij{u),Ea-h^k{v) 
{u - v)[Fa-ij{u),Fa-h,k{v) 
{U - v)[Ea;i,j{u),Ea+l-h,k{^) 

{U - v)[Fa;ij{u), Fa+l-h,k{^) 

{u - v)[Ea;ij{u),Eb-h^k{v) 
{U - v)[Fa;ij{u),Fb-h,k{'^) 



Sa,bSh,jF)a-i^p{u){Ea-p^k{v) - Ea-p^k{u)) 

- 6a,b+lDa;i,k{u){Eb-h,j{v) - Eb-h,j{u)), 

-Sa,bSk,i{Fb;h,p{v) - Fb-h^p{u))Da-pj{u) 

+ ^a,b+l{Pb;i,k{v) - Fb-i,k{u))Da-hj{u), 

^a,b{D'a-i,kiu)Da+l-h,jiu) - Da+l-Xj{v)D'^.i^k{v)), 

{Ea-i,k{u) - Ea-i^k{v)) {Ea-h,j{u) - Ea-h,j{v)) , 

{Fa-i,k{u) - Fa-i^k{v)) {Fa-h,j{u) - Fa-h,j{v)), 

^h,j{Ea;i,q{u)Ea+l-q,k{v) " Ea-i,q{v)Ea+l-q^k{v) 

+ Ea,a+2;i,k{v) — -E'a,a+2;j,fc ("")) , 

Si,k{ - Fa+l-h,q{v)Fa-q,j{u) + Fa+l-h,q{v)Fa-qj{v) 

- Fa+2,a;h,j{v) + Fa+2,a;h,j {u)) , 

if b > a + 1 or if b = a + 1 and h ^ j, 
if b > a + 1 or if b = a + 1 and i ^ k, 



{u - v)[[Ea-ij{u), Eb-h^k{v)], Eb-f,g{v)] =0 if\a-b\>l, 
[u - v) [Ea-ij{u), [Ea-h,k{u),Eb-f,g{v)]\ =0 z/ |a - 6| > 1, 



[[Ei,i^j{u),E2,h,k{v)lE2.J,g{w)] + [[^i;„-(n),E2;MH],^2;/,gW] =0 if\a-b\>l, 

[El,^,j{u), [Ei,h,k{v),E2;f,g{w)]] + [El,^J{v),[El,hA'^),E2■J^g{w)]] =0 i/ |a - 6j > 1, 
where the index p (resp. q) is summed over 1, . . . , Aa (resp. 1, . . . , Xa+i)- 



Proof. See |BKH Section 6]. Here, we present the theorem in the series form and we 
define the indices of F's in a shghtly different manner. □ 

Back to the super case. Consider m=n=l; that is, /i = {fii 1/^2) = {M \ N). Since we 
have only one block of £"s and F's, we may omit the block positions without confusion. 
That is, we set 

Eij{u) := Ei.ij{u) = Ei^2;i,j{u), for all 1 < i < fii = M, 1 < j < fi2 = 

and Fij{u) := Fi-ij{u) = F2^i-ij{u), for all I <i < ^2 = N-, 1 < j < Mi = M. 

The relations among them are given in the following proposition, which is a generaliza- 
tion of [BKH Lemma 6.3]. 
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Proposition 5.1. The following identities hold in Y{qIj^^j^){{u \v )). 

{ 5hjDi-i^p{u){Ep^k{v) - Ep^k{u)), if a = l, 

{u-v)[Da■,^,j{u),Eh,k{v)] = <^ (5.1) 

{ hi{Fh,p{u) - Fh,p{v))Di.pj{u), if a = l, 
{u-v)[Da;i,jiu),Fh,k{v)] = \ ^ . (5.2) 

I {Fi,k{u) - Fi^k{v))D2-h,j{u), if a = 2, 

{u-v)[Eij{u),Fh,k{v)] = D[.iA'^)D2.hj{v)-D2.,hAu)D[.,^,{u), (5.3) 
{u-v)[E^J{u),Eh,k{v)] = iE,,k{u)-Ei^k{v)){Ehj{v)-Eh,j{u)), (5.4) 
{u-v)[Fij{u),Fh,k{v)] = {Fi,k{n)-Fi^k{v)){Fh,j{v)-Fhj{u)), (5.5) 

for all admissible i, j, h, k and the index p is summed over 1, . . . , M. 

Proof. As in the proof of Proposition 14.41 we compute the matrix product 

T{u) = F{u)D{u)E{u) and T-^{u) = E-^{u)D\u)F-'^{u) 

with respect to the composition /i = (M \ N) and get the following identities. 

tij{u) = Di.ij{u), for all 1 < i,i < M, (5.6) 

ti,M+j{u) = Di,i,pEpj{u), for alll<i<M,l<j <N, (5.7) 

tM+i,j{n) = F,^p{u)Di,pj{u), for aU 1 < i < iV, 1 < j < M, (5.8) 

tM+i,M+M) = FiA'^)F>i;p,qiu)Egj{u) + D2-ij{u), for all 1 < 2, j < TV, (5.9) 

t'ijiu) = D[.,^j{u) + Ei^p,{u)D'^.p,^^,{u)F^,^j{u), for aU l<i,j< M,(5.10) 

t'iM+M) = -E^,p'{u)D'^,p,^j{u), foraUl<i<M,l<j<iV, (5.11) 

t'M+iM = -D'2;i,p'iu)Fp.,,{u), for ah 1 < i < TV, 1 < j < M, (5.12) 

4/+i,M+i(^) = D'2,^,M)^ forani<i,i<iV, (5.13) 

where the indices p, q (resp. p\ q') are summed over 1, . . . , M (resp. 1, . . . , A^). 

(jS.ip and (15. 2p can be proved using exactly the same method as in |BKH Lemma 6.3] 
and hence we skip the detail. 

To establish (15. 3p . we need other identities. Computing the brackets in (15. ip in the 
case a = 2 and (j5.2p in the case a = 1 and changing the indices, we have 

(n - v)E^j{u)D'2.y^p{v) - 5hj{Ec,,qiv) - Eo,,g{u)) D'^.g^^iv) = (n - v)D'2.f^^^{v)Eo,j{u), 

(5.14) 

- (n - v)Fp^k{v)Di.i^a{u) + 8ki{Fi3^p{v) - Fp^p{u))Di.p^ai{u) = -{u - v)Di.i^a{u)Fp^k{v), 

(5.15) 

where a, p (resp. /3, q) are summed over 1, . . . , M (resp. 1, . . . , A^). 
By (12. 4j) . we have 



M+N M+N 
iu-v)[ti^M+jiu),t'M_^f^ ,,{v)] = -{5hj tii{u)t[,^{v) - 5ki ^ t'j^[^f^ Jv)ts^M+j{u)). 

1=1 s=l 



13 



Substituting by (j5.6p — (|5.13p and changing the indices, we may rewrite the above identity 
as the following 

Di.i^o.{u){{u - v)Ea^j{u)D'2.hp{v) - 5hj{Ea,q{v) - Ea,q{u))D'2.qp{v)]Fp^k{v) 

- 5hjDi.i^a{u)D[.^j^{v) 
= D'2;hA'"){ - - v)Fp^k{v)Di.i^a{u) + hi{Fp,p{v) - Fp^p{u)) Di.p^a{u)} Ea,j{u) 

-^kiD2.h,l3{'^)D2;l3,j{v), (5.16) 

where a, p (resp. /3, q) are summed over 1, . . . ,M(resp. 1, . . . , A^). Substituting (5.14) 
and (5.15) into (5.16), we obtain 

Di.i^a{u){{u - v)D2.j^^p{v)Eo,,j{u)Fp^k{v)] - 5hjDi.i^a{u)D[.^ j^{v) = 

D'2-hA'"){ - (^ - v)Di.i^a{u)Fp^k{v)Eo,j{u)] - 5kiD'2.h^p{v)D2-i3,j{u). (5.17) 



Multiplying D2{v)D[{u) from the left on both sides of (5.17), we obtain (15. 3p . 

For ()5.4p . we start with [ti^M+j{u),t'j^ j^_^_f,{v)] = 0. Note that they are both odd 
elements. Multiplying (n — u)^ and computing the bracket after substitution by ()5.7p 
and (15. lip , we have 

{u - vfDi.,,p{u)Ep,j{u)EhAv)D2.q,k{v)+ 

{u - v)Eh,g{v)Di,,^p{u){u - v)D'2.g ,,{v)Epj{u) = 0. (5.18) 



Rewriting (|5.ip again, we have the following identities 

(n - v)Eh,q{v)Di.i^p{u) = (n - v)Di.i^p{u)Eh,q{v) + 5hpDi.i^p{u) {Ep^g{u) - Ep^q{v)) , 

(U - v)D'2.^ ^,{v)Epj{u) = (n - v)Epj{u)D'2.^ ^,{v) + 6jq{Ep^q{u) - Ep^g{v))D'2.g ,.{v). 

Substituting these two into the second term in (5.18) and multiplying Di{u) from the 
left, D2{v) from the right simultaneously, we obtain 

{u - vf[Ei^j{u),Eh^k{v)] = (n - v)Ehj{v)[Ei^k{v) - Ei^k{u)) 

+ (n - v){Ei^k{v) - E,^k{u))Ehj{u) + {Eij{u) - E,^,{v)) {Eh,k{v) - Eh,k{u)). (5.19) 

For a power series P in ^(0l7v/|Af)[[''^^^' ""^l]' write {^}^ for the homogeneous com- 
ponent of P of total degree d in the variables and v^^. (|5.4p follows from the 
following claim. 

Claim: For d> 1, we have 

{u-v){[E,^,{u),Eh^k{v)]]^^^ = {{Ei^k{u)-Ei^k{v)){Eh^j{v)-Eh^j{u))]^. 

We prove the claim by induction on d. For d = 1, we take { on (5.19), and it 
implies 

{u-vf{[E,,,{u),Eh,k{v)\]2 = ^- 
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Note that the right hand side of (5.19) is zero when u = v, hence we may divide both 
sides by (u — v) and therefore (n — v)[[Eij{u), Eh^kiv)]} ^ = 0, as desired. 
Assume the claim is true for some d > 1. By the hypothesis, we have 

{u-v){[Eh,j{u),E,,k{v)]}^^, = {{Eh,k{u) - EhA^)){E,,j{v) - Eijiu))}^. (5.20) 

=^ {[EhAu),E,Av)]}^^^ = I ^ 1^. 

Note that the right hand side is zero when u = v. Hence {^[Ehj{v), Ei^'^)]] ^j^i = 0; 
which implies 

EhAv)E^,k{'^) = -EiAv)Eh,M. (5.21) 

Take { }^ on (5.19): 

{u-vf{[EiAu),Eh,k{v)]]d+2 = {n-v){Ehj{v){E,Av)-E,An))}^^, 

+ (u - v){{EiAv) - EiAu))Eh,j{u)}a^i 
+ {{Eij{u) - Eij{v)) {Eh,k{v) - EhAA)]d- 
Substituting the last term by (5.20) and simplifying the result, we have 

{u-vf{[EiAu),Eh,k{^)]]^_^^ = 

(n - v){Ehj{v)EiAv) + EiAu)Eh,j{v) + (-E^^,fe(^') - ^i,A:(«))^/i,j(«)}rf+i- 
Substituting by (5.21) into the above identity, we have 
{u-vf{[E,An),Ef,A^)]}^_^^ 

= (n - v){{EiAu) - EiAv))Eh,j{v) - [Ei^u) - Ei^v)) Ehj{u)} 
= iu-v){{EiAn)-E,Av)){Eh,j{v)-EhA^))}^^,. 

Dividing both sides by n — f establishes the claim. 

(j5.5p follows from applying the map Ca^IM to (15. 4p in y(g[jv|jv/)[[^i^^, t'^^]] with suit- 
able indices. □ 



6 Special Case: m=2, n=l 

Recall that m is the number of parts of the composition of M and n is the number of 
parts of the composition of N. In the case when m = 2, n = 1, = (^i, /U2 | ^3), where 
1^1 + 1^2 = M and /is = A^. The relations among Ea-ij{u) and Fh-h^k{u) in different blocks 
are obtained by the following lemma, which is a generalization of [BKlj, Lemma 6.4] and 
[Go! Lemma 3]. 

Before stating and proving the lemma, we first set a notation for the remaining part 
of this article. We denote the super Yangian by the notation 
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to emphasize how we decompose the matrix T(n) into block matrices according to the 
composition fi of {M\N) and how those D's, -E"s and F's are defined. Moreover, by 
abuse of notations, we will consider the D's, S's and F's in different super Yangians at 
the same time. It should be clear from the context which super Yangian we are dealing 
with. 

Lemma 6.1. The following identities hold in ^(^i,/i2|M3)(('"^^' ^^^)) f'^^ admissible 
g,h,i,j,k. 

(a) [Ei.ij{u),F2.h,k{v)]=0, 

(b) [Ei.ij{u),E2-h,kiv)] = ;j^^{(^l;i,g(n)-£;i;i,g(v))£^2;g,fc(t^)+^l,3;i,fc('l')-^l,3;i,fcW}^ 

(c) [El^3-ij{u),E2-h,kiv)] = E2-h,j{v)[Ei.i,giu), E2-g,kiv)], 

(d) [Ei.i,j{u),Ei^3.h,k{v) - Ei.h,q{v)E2-q,k{v)] = -[Ei.i^g{u) , E2-g,k{v)]Ei.h,j (u) . 
Here, q is summed over 1, . . . , fi2 CLnd g could he any number in {1, 2, . . . , /U2}. 

Proof, (a) By we have [t^,^,,+J{u),t'^^^^^_^^^^^^^^^{v)] = 0. Substituting by gJD - 

(j4.14p with respect to the composition ^ and according to the indices, we have 

[Dl.i,p{u)El.p^j{u), -D'^.y^ g{v)F2-q,k{v)] = 0. 

Computing the bracket, we obtain 

Di.i^p{u)Ei.pj{u)D'^.f, q{v)F2-q,k{v) - D'3.f^ g{v)F2-q,kiv)Di.i^p{u)Ei.pj{u) = 0, (6.1) 

where p and q are summed over 1, . . . , /Lii and 1, . . . , /^s, respectively. Similarly, by (j2.4p . 
we have 

[ty(n),t|^^^^2+h,/ii+fc(^)] = [*j,/il+i('")i*^i+/i2+/i,Mi+/^2+A:(^)] ^ 

which implies that 

[Dl■^A^),F2,h,k{^)] = [E,,ij{u),D^,.^^,{v)]=0. 

Substituting these into (6.1) and noting that [Di-ij{u), D'.^.f^ ki^)] ~ 0' have 

Di.,^p{u)D'^.f^ g{v)Ei.pj{u)F2.q^kiv) - Di.i^p{u)D'^.f^^^{v)F2.g^kiv)Ei.pj{u) = 0. 

Multiplying D^[v)D't^[u) from the left, we obtain (a). 
(6) By ([231), we have 

M+N 

(^i - t')[ti,/.i+j(n),t^^+,,,^^+^2+fc(v)] = Jjh ^ tis{u)ts,^,+^2+k{v)- 

s=l 

Substituting by (I4.9j) — (I4.14p according to the indices in the above identity, we have 

{U - v)[Di.i^p{u)Ei.pj{u), -E2-h,q{v)D3.q,k{v)] = 
6jhDi-i.p{u){{Ei.p^r{v)E2-r,q{v) - Ei^S.p^q{v)) - Ei.p^r{u)E2-r,q{v) + Ei^^.p^q{u)] D'^.^^^{v) , 

(6.2) 
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where the indices p,q,r are summed over Hi, f^3, fj.2, respectively. Using the facts that 

[Ei-ij{v), D'^.f^^i^{u)~\ = 0, (explained in the proof of (a)) 

[E2;i,j{v),Di.h,kiu)] = 0, (obtained from [%(«), t^,+;,,^,+^2+fe(v)] = O) 

we may cancel Di{u) from the left and D'.]^{v) from the right on both sides of (6.2). 
Dividing both sides by it — we have proved ih). 
(c) By (5.1) in Y(^^^\^.^-)[[u-^ , v-% we have 

(u - v)[Ei.h,k{'^), D'2.i^j{v)] = 5ki{Ei.h,p{v) - Ei.h,p{u))D'2.p ,j{v). 

Applying the map "0^*1 to this identity and using (4.3) — (4.5), we have the following 

identity in y{^,^,^,^\^,■J,)[[u~^ ,v-^]] 

{u - v)[E2-h,k{u),D'^.i^j{v)] = dki{E2-h,p{v) - E2-h,p{u))D';^.pj{v). 
Taking the coefficient of , we obtain 

KM>^3;ij(«)] = 5uiE2-xp{v)D':,.p,,{v). (6.3) 

Also by (13. 9p . we have 

Ei,3;ij{u) = [^i;,,g(n), for any 1 < 5 < ^2- (6.4) 

By (6.3), (6.4) and the fact that [Ei-i^g{u),D'^.f^ ^{v)] = 0, we have 

[E^^:,,i,,{u),D'.,.^^^{v)\ = [[E^,,,g{u),E^il^],D'^.j,^^{v)] 
= [E^,i^g{u),[E'il^,D'^.^^^^,{v)]] 

= [El.i,g{u),5hjE2-g,p{v)D'^.pi,{v)\ 

= 5hj[Ei-i,g{u),E2-g^p{v)\D'.i.p^k{v). (6.5) 

By and (fOD - . we have 

[U,^l^+^,2+j{u),t'f,^+h,^,l+^l2+k{v)] = [Di.t,piu)Ei^3.pj{u),-E2-xqiv)D3.q,kiv)] =0, 

where p and q are summed over 1, 2, . . . , /ii and 1, 2, . . . , /^a, respectively. Multiplying 
D[{u) from the left, we have [Ei^3-ij{u), E2-h,qi'v)D'^.q f^iv)] = 0, which may be written 
as 

[E^,3;iA^),E2-hA^)]D',.,,ki^)-E2.^^^^^^ = 0. 

Substituting the last bracket by (6.5), we have 

[Ei^3;i,j{u),E2-h,g{v)]D'r^.q^l,{v) - 5gjS2;h,g (w) (u) , S2;g,p(l')]^3;p,fc (f^) = 0- 

=^ [Ei-3.ij{u),E2-h,qiv)]D's-q,kiv) = £^2;h,i (w) (u) , £;2;3,p (t^)] ^3;p,fc (^) ■ 

Multiplying D^i^v) from the right to both sides of the above equality, we obtain (c). 
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(d) Taking the coefficient of in (6), we have 

[E[]l,E2;hA^)] = dhj{Ei;s,,Av) - Ei,,Av)E2;g,k{y)). 
Taking the coefficient of in (5.1) in the case a = 1, we have 

[Di;ij{u),E[^^l,^] = 6hjDi.i,p{u)Ei.pAu). 
By the above two equaUties and the fact that [Di-ij(u), E2-g^kiv)] = 0, we have 

[Dl.,ij{u),Ei^3;h,ki^) - El,h,g{v)E2;q,k{v)] = [Dl;,,j{u), , £^2;9,fc (?j)]] 

= [[D,.,,{u),E^lj,E2.,g,k{v)] 

= [hjDl-i,p{'^)El;P,9i'^)^^2;g,k{^)] 

= ShjDi-i,pi^)[E^;p,gi^)^E2;g,ki^)]- (6-6) 

Taking the sum of ah j in (6.6), we have 

^hrDi-i,p{u)[Ei.p,giu)E2-gAv)] = £'l;i,r(^i)(£^l,3;h,fc(^^) " Ei.hA^)E2;s,k{^)) 

- {El,3;h,k{^) - Ei.hA'^)E2;s,k{^))E>l;iAu), 

where p,r,s are summed over /ii,^i,/i2, respectively. Changing the indices, we may 
rewrite the above equahty as 

{Ei.h,r{v)E2-r,k{v) - Ei^3.h,k{v)) Di-iAu) = 

ShpDi.i^p'{u)[Ei.p'^g{u),E2-g,k{v)] + Di.iAu){Ei.h^r{v)E2-r,k{v) - Ei^3.hA'v)), (6.7) 

where r,p,p' are summed over ij,2,fii,fj,i, respectively. 
On the other hand, by and (1491) - (|iT4]l . we have 

[Dl,^Au)El■,pAu), {Ei,hAv)E2;rAv) " ^l,3;h,g(^^)) ^3;g,fc(^')] = 0, (6.8) 

where p and q are summed over and /is, respectively. Multiplying D3{v) from the 
right and computing the bracket, (6.8) becomes 

Dl;iAu)El-p,j{u){Ei.hAv)E2;rA^) - El,3;hA^)) 

- {El-hA^)E2;rA^) - El,3;hA^))El;iAAEl;p,jiu) = 0, (6.9) 

where p and r are summed over f^i and /i2, respectively. Substituting (6.7) into the 
second term of (6.9), we have 

Di.iAu)El-p,jiu){Ei.hA'")E2;q,k{v) - Ei^3.hA^)) 

- 5h,pi Di-i^p^ (n) [-Ei;p2,g (u) , E2-g,k (v)] Ei-p^ j (u) 

- Dl-i,p3{u){Ei-h,qiA)E2;qiA'") " -^l,3;/i,fc (^')) £^1;P3 J W = 0- 
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Multiplying D't^{u) from the left, we obtain 

Ei.ij{u)[Ei.h,q{v)E2-q,k{v) - Ei;i.h,k{v)) 

- [Ei.i^g{u),E2-g^k{v)\Ei.h,j{^) - {El-h,qA^)E2-qi,k{v) - Ei^^-hA^)) Ei-i,j{u) = 0. 

Simplifying the above, we obtain (d). □ 

We have the F-counterpart of Lemma 16.11 

Lemma 6.2. The following identities hold in ^(/xi,^t2|At3)((^^^) ^^^)) f'^^ admissible 
g,h,i,j,k. 

(a) [Fi,i,j{u),E2;h,k{v)] =0, 

(b) [Fi,,j{u),F2.,hMy)] = ;^{E2-AAv){Fi:^^^^^^ 

(c) [Fz,l;ij{u),F2-h,k{'")] = [F2-h,g{v),Fi.gj{u)]F2;i^k{v), 

(d) [Fl-i,j{u),F2-h,q{v)Fl-q,k{v) " -?^3,l;h,fc (^^)] = ^l;i,A: M M , -?^2;h,g W] • 

Here, q is summed over 1, . . . , fi2 CLnd g could he any number in {1, 2, . . . , ^2}- 

Proof. They can be proved by similar methods as in the proof of Lemma 6.1 and we 
skip the details. □ 

The following lemma is a generalization of [BKll Lemma 6.5, Lemma 6.6] and of 
part of [Got Lemma 3]. 

Lemma 6.3. The following identities hold in Y(^^^^^^\^^-^\[u'~'^ ,v~^ ,w~^^ for all admis- 
sible f,g,h,i,j,k. 

(a) [[Ei.ij{u),E2;h,k{v)],E2-j,g{v)] =0, 

(b) [Ei.,^j{u),[Ei,h,k{u),E2-j,g{v)]] =0, 

(c) [[Ei-ijiu], E2;h,k{v)l E2-J,g{w)] + [[Ei-ijiu), E2-h,kH], E2-f,g{v)] =0, 

(d) [Ei,,^,{u),[Ei,h,k{v),E2.jJw)]] + [Ei,,^,{v),[Ei,hM^),E2.j,g{w)]] =0, 

(e) [[Fi.,,j{u),F2.h,k{v)],F2;f,giv)] =0, 

(f) [F,.,j{u),[F^.hM^),F2.j,g{v)]] =0, 

(g) [[Fl,^Au),F2■,h,k{v)],E2■,f,g{w)] + [[Fl,^,J{u),F2■,h,kH]^E2■fJv)] =0, 

(h) [Fi,i,j{u),[Fi,h,k{v),E2-j,g{w)]] + [Fi,ij{v),[Fi,h,kN,F2.j,g{w)]] =0. 

Proof. We prove (a) and (c) in detail here, while the others can be proved in a similar 
fashion. 

(a) We first claim that 

[Ea-i,j{v),Ea-h,k{'^)] =^ for a = 1,2 in Y(^^^^^^\^.^)[[u~'^ ,v~^]]. 

The case a = 1 follows from Theorem [2] and a = 2 follows from applying the map V'/ii 
to 
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By the super- Jacobi identity, together with the claim and Lemma l6.1l f&). it suffices 
to prove the case when j = h = f . In this case, we compute the bracket by Lemma l6. II 
as follows. 

{u - v) [[Ei-ijiu], E2-j,k{v)], E2-j,g{v)] 

= -{u- v)[E2-j,k{v), [Ei-ij{u),E2-j,g{v)]] 

= [Ei.i^q{u)E2-q,g{v) - -E'l;j,g(v)-E2;q,g(u) + Ei^:>,.i^g{v) - -E'l,3;i,g (n) , £^2;j,fc W] 
= [El-i,q{u)E2-q,g{v),E2-j,k{v)] + [El,J,-i,g{v) , E2-j^k{v)] 

- [El;i,g{v)E2-q,g{v),E2-j^k{v)] " [^^1 ,3;i,5 (^^ ) , ^^2; W] 
= -[Ei.i^q{u),E2-j,k{v)]E2-q,g{v) - E2-j,g{v)[Ei.ij{u),E2-j,k{v)] 

+ [El-i,q{v),E2-j,kiv)]E2-q,g{v) + E2-j,g{v)[Ei.ij{u),E2-j,k{v)] 

= -[[Ei,^j{u),E2-j,k{v)],E2-j,g{v)] + [[Ei.ij{v),E2-j,k{v)],E2;j,g{v)]. 
Thus we have 

(U-V- l)[[E^.,,j{u),E2-J,k{v)],E2-J,g{^)] =-[[Ei.ij{v),E2-j,k{v)],E2-j,g{v)]. (6.10) 

Note that the right hand side of (6.10) is independent of the choice of u. Set u = v + 1, 
then the right hand side of (6.10) is zero. Using (6.10) again, we obtain (a), 
(c) It is enough to show that 

(n - w){v - w)(u - v)[[Ei.ij(u), E2-h,k(.^)]^ E2-f,g{w)] (6.11) 

is symmetric in v and w. We may further assume j = h, as in the proof of (a). By 
Lemma |6. If b). we have 

(n - v)[[Ei.ij{u), E2-j^k{v)], E2-j,giw)] 

= [El;i,q{u)E2-q,k{v) - £^l;i,g(v)£^2;g,fc(^^) + -E^l,3;i,fc (^^) " ^l,3;i,fc (^^) , -E^2;/,g (w^)] • 

Multiplying both sides with (u — w){v — w), computing the brackets by Lemma l6. 11 we 
have 

{U - W){V - W){U - v)[[Ei.ij{u), E2-h,k{v)], E2-f,g{'w)] 

= {U -W){V- w){Ei.i^q{u)E2-q^k{v)E2-f,g{w) + E2-f,g{w)Ei.i^g{u)E2-q,k{v) 

- Ei.i^q{v)E2.q^k{v)E2-J,g{w) - E2-f,g{w)Ei.i^q{v)E2-q,k{v) 

+ E2-f,ki'w)[Ei.i,x{v),E2-x,g{w)] - E2-f^k{w)[Ei.i,xiu),E2-x,g{w)]} 
= {U - W){V - w){Ei.i^q{u)[E2-q^k{v),E2-f,g{w)] - Ei.i^q{u)E2-f,g{w)E2-q,k{v) 
+ [E2-f,g{'w),Ei.i^q{u)]E2-q,k{v) + Ei.i^q{u)E2-f,g{w)E2-q,k{v) 

- Ei.i^q{v)[E2-q,k{v),E2-f,g{'w)] + -E'l;i,g (t')£'2;/,g (w)-E'2;g,fc (l^) 

- [E2-f,giw),Ei.i^q{v)]E2-,q^kiv) - Ei.i^q{v)E2-J ,g{w)E2-q,k{v) 

- [El-i^x{v),E2-x,g{w)]E2-f^k{w) + [Ei-i^xiu] , E2-x,g{w)]E2-f,k{w)} 
= {U - W){V - w)Ei.i^q{u) [E2-q,k{v),E2-J^g{w)\ 

+ {U-W){V - W) [E2-J^g{w),Ei.i^q{u)\E2-q,k{v) 
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- {U- W){V - w)Ei.i^q{v) [E2-q^k{v),E2-f,g{w)\ 
-{U-W){V - W) [E2-f,g{w),Ei.i^q{v)\ E2-q^k(v) 

- (n - w){v - w) [Ei.i^^{v),E2-x,g{w)]E2-f^kiw) 

+ {u-w){v-w)[Ei,,,x{u),E2-x,g{w)]E2-j,k{w). (6.12) 
Now we use (15. 4p and Lemma l6. II to compute these brackets, then (6.12) equals 

(n - w)Ei.i^g{u){E2-q,g{v) - E2;g,g{w)) {E2-j ,k{w) - E2-f,k{v)) 

- {V - w)5qj{{Ei.i^qg{u) - Ei.i^qQ{w))E2-qo,g{w) + Ei^3.i^g{w) - Ei-s.i^g{u)]E2-q^k{v) 

- {U- w)Ei.i^q{v){E2-q,g{v) - E2-q,g{w)) {E2J,k{w) " E2-f^k{v)) 

+ {u-w)5qj{{El.i^q^{v) - El.i^q^{w))E2-qo,g{w) + El^^^.^^giw) - Ei;i..i^g{v)] E2-q,k{v) 
-{U- w){Ei.i^q{v)E2-q,g{w) - Ei-i^q^w) E2;q,g{w) + £'l,3;i,g(w) " -E'l,3;i,9 (?j) } -E'2;/,fc ("W^) 
+ {V - w){Ei.i^q{u)E2-q,g{w) - Ei-i^q^w) E2-q,g{w) + £'l,3;i,g(w) " -E'l,3;i,g («) } -^2;/,^ (tf) , 

where the indices q and go are summed over 1, 2, ... //2- 

Opening the parentheses of the above equality, we obtain that the resulting expression 
is indeed symmetric in v and w. Therefore, (6.11) is symmetric in v and w and hence 
(c) is proved. □ 



7 The general Case 

Recall that our goal is to obtain the relations among the generators {E>lj^} j , D'JPj} , 

{E^.jj}, and {F^j^^j} associated to a composition fi of {M\N). To that end, we divide 
them into 3 disjoint parts as following: 

\^a;i,j^^a;i,jil<a<m I a;i,j J l<a<m \ a;i,j J l<a<m' 
• I a;ij' a;i,j S m+l<a<m+n I j m+l<a<m+n I a.;i,j j m+l<a<m+n^ 

for all admissible indices i,j,r. 

If we choose two elements from Part A, then their bracket is obtained by Theorem [2j 
If we choose two elements from Part B, then they are the images of some elements from 
the Part A in Y{gi]^^j^^) under the swap map Cn\m^ a-^id the bracket is obtained by 
Theorem [2] as well. 

Now suppose one of them is from Part A and the other is from Part B. Note that 
every element in Part A is in the north-western M x M corner of T{u) and hence is in 
the subalgebra Y^qIj^j) of Y^qIj^.j^]^) (see Section 4). On the other hand, every element 
in Part B is in the south-eastern N x N corner of T{u) and hence is in the subalgebra 
'^m{Y{qIq\n)) of y(g[7Vf|Ar). Thus, their bracket is zero by Lemma [43l 

Therefore, we only have to focus on the cross section where the odd blocks and even 
blocks are "close", and this is done in Proposition 15. 1|. Lemma 16.11 and Lemma 6.2. 
Moreover, there are some non-trivial ternary brackets relations in the non-super case, 
and the corresponding ternary relations in the super case are found in Lemma 6.3. 
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The following proposition summarizes the results we have obtained up to now. 

Proposition 7.1. For all admissible a,b, f,g,h,i,j,k, we have the following equalities 
in the super Yangian Yij,{{u''^ , , w"^)) . 

{u - v)[Da-ij{u),Eb-h,k{v)] = 

{-l)''{Sa,bSh,jDa;i,p{u){Ea-p^k{v) - Ea-p,k{u)) 

-^a,b+lDa;i,k{u){Ei,-h,j{v) - Eh-h,j{u))}, if b ^ m, 

Sa,b^h,jDa;i,p{u){Ea.p,k{v) " -E^a;p,fc(^i)) 

+Sa,b+l^a;i,k{'^) {Eb;h,jiv) - Eb.hj{u)) , if b = m, 

{u - v)[Da;ij{u),Fb.h,k{v)] = 

' (-!)''{ - (5„,6(5fc,i(Fb;ft,p(i;) - F6;h,p(n))r>a;pj(u) 

+'^a,&+i {Fb-i,kiv) - Fi,.i^k{u))Da-h,j{u)}, if b^m, 

-^a,bh,i{Fb-h,p{v) - Fb.h,p{^))F>a;p,j{u) 

-Sa,b+i{Fb;i,k{v) - Fb-i,k{u))Da-h,j{u), if b = m, 

{U - v)[Ea;ij{u), Ea-h,k{v)] = 

j {-lf{Ea-i,k{u) - Ea-i,k{v)) {Ea-h,j{u) - Ea;h,j{v)) , if a ^ m, 

I {Ea;i,k{u) - Ea-i,k{v)) {Ea-h,j{v) - Ea-h,jiu)), if a = m, 

{U - v)[Fa;i,j{u),Fa-h^k{v)] = 

r -{-lf{F,,iA^)-Fa.iMv)){Ea-Aji^)-Fa-,hA^^^ ifa^m, 

I {Fa;i,ki'^) - Fa;i,ki'")) {Fa;h,jiv) - Fa;h,j{u)) , if a = m, 



{U - v)[Ea.i,j{u),Fb.h,k{'")] = Sa,b{-l)'^^{D',.i,k{u)Da+l.H,j{y') - Da+l;h,MD',.i,k{v)), 

{U - V) [Ea;i,j{u),Ea+l-hM] = {Ea-i,qiu)Ea+l-q,kiv) 

- Ea;i,q{v)Ea+l-q,k{v) + Ea,a+2-i,k{v) - Ea,a+2;i,k{u)) , 

{U - v)[Fa;i,^{u),Fa+l;h,k{^)] = <5i,fe(-l)^( - F,+^.h,q{v)Fa;qM 

+ F^^i.h,q{v)Fa-q,j{v) - Fa+2,a;h,ji^) + Fa+2,a;h,j{u)) , 



{U - v)[Ea-i,j{u),Eb.h,k{'^)] = 0, 
{u - v)[Fa;ijiu),Fb.h,kiv)] = 0, 



if b > a + 1 or if b = a + 1 and h ^ j, 
if b> a + 1 or if b = a + 1 and i ^ k, 



[Ea;i,j{u), [Ea;h,k{^), Eb-f,g{w)]] + [Ea-ijiv), [Ea-hM^), Eb.f,giw)]] =0, |a - 6| > 1, 
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[Fa■,^,j{u), [Fa,h,k{v),Fb-J,g{w)]\ + [Pa;t,-M, [i^a;h,fc M , M]] =0, |a - 6| > 1, 

where a:=0 if 1 < a < m and a := 1 ifm + l<a<m + n. 

Proof. This is the consequence of Theorem[2l Proposition lS-H Lemmas 16. II — 6.3. together 
with the maps ipk and Cm\n- D 

The next lemma is a block generalization of [Go', Lemma 5] and the proof is essentially 
the same, except that we are using block decompositions. The relations are purely super 
phenomenons. 

Lemma 7.2. Associated to fi = (/^i, ^2, • • • fJ-m \ fJ-m+i, ■ ■ ■ , fJ-m+n) with m > 1 and n > 1, 
we have the following identities in . 

[ [-^m-l;jj' -^!n;h,fc]' ^^rJ,hoM)' '^rn+l;f,g\ ] ~ C''-^) 
[ [-^m-l;ij' -^m;i,fe]' i^m^hoM)' -^rn]-l;f,g] ] — 0' C''-^) 

for all admissible f, g, h, i,j, k, /iq, ko, r, s. 

Proof. By using the maps Cr4\n and ip, it is enough to show (I7.ip in the case m = n = 2 
only. Therefore, we want to show (7.1) in ^(/^i,^2|m3,M4)' 

[[Mi'<J'[^So,.o'^l]]=0- (7-3) 
We first claim that for all admissible i,j, h, k, 

[El^3;i,j{u) , E2;h,q{'^)Es,q^k{v) " ^2,4;ft,fc(^^) ] = 0, (7.4) 

where the index q is summed over 1,2,..., fx^. To prove the claim, we use (j4.1ip and 
(|4.13p associated to the composition (/ii,/U2 | fJ-SjlJ-^) to derive the following identities. 

Ei;i.ij{u) = D[.ip{u)tp^^^+^^+j{u), 

for all 1 < i < fii, 1 < j < /is, 1 < /i < /i25 1 < < /i4, and the indices g, r are 
summed over /^i, /zs, /X4, respectively. Substituting these identities into the bracket in 
(j7.4p and setting a notation na := /xi + /i2 + . . . + /^a for short, we have 

[Ei;i-i,j{u),E2-h,q{v)E'i.^q^k{v) - E2^A-h,k{v)] 

= [D[-i^p{u)tp^n2+j{y),i'^,^+h,ni+r{v)Di.r,k{v)] 

= D[.iA^)h,n2+jiu)t'f^i+h,ns+riv)DA-r,k{'") + t'f,^+h,n3+ri'")E>A;r,k{'^)D[.i,p{u)tp 

= D[.i,pi^)tp,n2+jiu)t'f^i+h,n-s+ri'")DA-r,k{'^) + i),i+h,n3+r(«)^l;i,p(^)^4;r,fc(^')ip ,n.2+i(^) 

= D[.iA'^)h,n2+j{u%^+h,n3+r{'(^)D4-,r,k{'") + D[.i,p{u)t'f,^+h,n3+r{v)tp,n2+j{u)D4.r,k{'<j) 

= D[.i,p{u)[tp,n2+jiu),t'f,,+h,n3+riv)]DA-r,ki'^) = 0, and the claim follows. 
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Note that in the above computation we have used the facts that 

Di-ij{u) = tij{u) and D'^;i,j{u) = C+i^n^+ji^), 

therefore [Di.,ij{u),t'^^^^^^^^f^{v)] = and [D'^.,jiu),th,n,+kiv)] = hy a. 

It suffices to prove (7.3) when h = j and ko = f, by Lemma [OT 6). Computing the 
following bracket by Lemma l6.1( 6). we have 

[U - V){W - z)[[Ei.ij{u),E2-j,k(.v)] , [E2;hoj{w),Es.f^g{z)]] 

= [Ei.i^q{u)E2-q,k{v) - Ei.i^q{v)E2-q^k{v) + -El,3;i,fc (■") " -E^l,3;i,fc (^t) , 

- E2-ho^p{w)E2,-p^g{z) + E2-ho,p{z)E^.p^g{z) - E2,i-ho,g{z) + E2,i;ho,g{w)]. 
Taking its coefficient of u~''' z~'^v^w^ , we have 

s-l 

Er_F(^) i_i_r_p('') 1 

L -^l,3;i,fc'-^2;/io,P 3;p,sJ"l"l ^l,3;i,k^ ^2,4:;ho,g'' 

t=l 

and it equals the coefficient of u^'''z^'^ in [Ei^s;i,k{u), -E2-ho,p{z)E3-p^g{z) + E2,A-ho,g{z)], 
which is zero by (7.4). 

Finally, the coefficient of u~'^ z~'^v^w^ in 

(n -v){w-z)[ [Ei.ij{u),E2-j,kiv)] , [E2-ho,f{w),E3.f^g{z)] ] 

is exactly - [ [^l- ^2?1J ' [^SoJ' ] (7.3) fohows. □ 

Recall the fact stated in Theorem 1 that l^(0tM|7v) is generated as an algebra by the 

set {dI[.1 j, D'j^j^j, E^^.j J, F^^^^ The following theorem describes the relations among 
these generators. 

Theorem 3. The following relations hold in Y{gij^j^^) for all admissible indices a, b, /, g, 
h,i,j,k,l,r,s,ho,ko: 



t=o 



T^DalpD'^pf = ^roS.j, (7.6) 


min{r,s) — l 

rr)M r)W 1 _ ^ (r)(t) r)ir+s-l-t) _ j^{r+s-l~-t) j^(t) N 



[■^a;i,j^'^b;h,k\ 



t=0 



r-1 r-1 

m, 



(-i)^(5,,5., ^^.^Sr"'' - E dSAS'"'') ' b + 

t=0 t=0 



(7.8) 



t=0 t=0 
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ir) 1 _ 



\.^a;i,j->-^b;h,k 



r-1 



r-l 



(-i)^( - 6.,s,, Ftsr-'^Dg, + saMi E ' ^ ^ 



t=0 



t=0 



r-l 



r-l 



(7.9) 



t=o 



(-If ( E - E ) ' « ^ 



ri?W irC*) 1 _ ) 



r-l 



t=l t=l 

s-l 



a;i,fc a;h,j / j a;i,k a;h,j ' 



t=l 



t=l 



a;i,j ' a;h,kl \ 



a = m, 

(7.10) 



t=l 



t=l 



r-l 



s-l 



Er^{r+s-l-t) rp{t) _ Sr^ pir+s-l-t) rp{t) 
a;i,k o,',h,j / j a;i,k o,',h,j ' 



a = m, 



t=i 



t=i 

r+s — 1 



\.-^a;i,j'-^b;h,ki ~ ^ ^ ^a+l;h,j ^a;i,k^ 







t=o 




r£;('-+i) 1 _ 


[rW e;(«+1) 1 
L-^a;ij'-^a+l;/i,feJ 




(7.13) 


rp(''+i) pC*) 1 _ 

I- a;i,j ' a-\-\;h,k\ 


I- a;ij' a-\-\;h,ki 


- I J-j °t,k^a+l;h,q a;q,j' 


(7.14) 




if h> a + l 


or if b = a + l and h ^ j, 


(7.15) 




if h> a + l 


or if b = a + 1 and i ^ k, 


(7.16) 



[eS,P [^..' <J] + [eS,P [^,.' <J] =0' \--b\> 1> 
[^2. > + S., [^S,., ^J] =0, la - 61 > 1, 

[[^ili;M'^ili^']' [<l.A.'^mli;/,J] =0, «;/ien m>l,n>l, 



[ [F!nU,ij > C J , [FShoM ' ] = 0, ^hen m>l,n>l, 



7.11) 
7.12) 



7.17) 
7.18) 
7.19) 
7.20) 



where a := if 1 < a < m, a := 1 ifm + l<a<m + n, and the index p (resp. q) is 
summed over 1,- ■ ■ , fJ,i (resp. 1, . . . , fJ,2) 
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Proof. (7.5) — (7.7) follow from Proposition 14.5^ while the others come from Proposi- 
tion Ell Lemma 17.21 and the identity 



Sjv) - S{U) ^ ^(^r+s-l)^~r^-s 

u — V 



r,s>l 



for any formal series S(u) = Ylr>o '^^^'^ '-' 

Remark 7.1. In the special case where all Hi = 1, the right hand side of (7.10) and 
(7.11) degenerate to zero when a=m. See \Go[ Theorem 3]. 



In fact, the relations in Theorem [3] are enough as defining relations of the super 
Yangian Y{q\m\n)- 

Theorem 4. The super Yangian i^(0^Af|Af) ^-^ generated by the elements 

{Dirlj , I^^y 1 1 < a < m + n, 1 < j < ^„ r > 0}, 

|l<a<m + n, l<i<^a,l<j< IJ-a+i^r > 1}, 
{-^il'ij |l<a<m + n, l<-i< ^a+i, I < j < fJ'a,r > 1}, 

subject to the relations (7.5)— (7.20). 

Proof. Recall the notation := y{Q\-M\N) defined in Section 6. Let denote the ab- 
stract algebra generated by the elements and relations as in the statement of TheoremlH 
We may further define all the other E^^.^ ■ and F^^.^- in by the relations (3.18), and 
it is not hard to show that this definition is independent of the choices of k |BKlt p. 22]. 
Let r be the map 

V:%^Y, 

sending every element in Y^ into the element in Y^ with the same name. By Theorem [1] 
and Theorem [3l the map P is a surjective algebra homomorphism. Therefore, it remains 
to prove that P is also injective. The injectivity will be proved in Section 8. □ 



8 Injectivity of T 

Our strategy of proving the injectivity of P is as follows: we find a spanning set for Y^ 
(see Proposition 18. ip and show that the images of the spanning set for Y^ under P is 
linearly independent in Y^ (see Proposition 18. 4p . 

Proposition 8.1. Y^ is spanned as a vector space by the monomials in the elements 
{^li-i -^ati -^b^a-i j} ^o^kcn in Certain fixcd order. 

Proof. Let (resp. Y^ , y^^) denote the subalgebras of Y^ generated by the elements 

{D^a-i j} (resp. {E^a\j.j}^ ^-^ba-ij^)- relations in Theorem [3l Y^ is spanned by 

the monomials where all F's come before all D's and all I?'s come before all -E's. 
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Define a filtration on by setting 

deg(<i,,) = deg(45^,^^.) = deg(F£,^^.) = r - 1, for all r > 1, 

and denote the associated graded algebra by gr^Y^. The above argument implies that 
the multiplication map is surjective, 

gr^Y- ® gr^Y^^ gr^Y+ ^ gr%. 

Moreover, gr^Y^ is commutative by Proposition I4.5i It follows that Y^ is spanned by 
the monomials in {d'^Jj} in certain fixed order. Hence it is enough to show that gr^Y^ 
is spanned by the monomials in £"s in certain order, and the swap map CAf|M will show 
that gr^Y~ is spanned by the monomials in F's in certain order. 

We denote the image of E^^-ij in the graded algebra gr^_iY^ by E^^^.^y We have 
the following. 

Claim*: For all admissible a, 6, c, d, i, j, h, k, r, s, we have 

Assuming the claim, we have that the graded algebra gr^Y^ is spanned by the 
monomials in {-E^b jj} in certain order and hence Y^ is spanned by the monomials in 
{^al-i in certain order as well and therefore Proposition 18. II is established. □ 

To establish the claim*, we first prove some special cases. 

Lemma 8.2. The following identities hold in gr^Y^ : 
(a) 

=0, ^/|a-6| / 1, (8.2) 



(c) 



~ [-^i,a+l;ij) -^i,6+l;/i,fc]> «/|«-^| — 1) (8-3) 



if |a - ^1 = 1; 



(d) 



^al;i,j — ^[Eal-i-i^h^ E^Ji^f^.f^j] — (- 1)"^"^ [-E'i,i+i;i,fc , -^i+i^bjA; , (8.5) 

for all b > a + 1 and any 1 < h < fit-i, 1 < ^ < f^a+i- 

Proof (8.2) and (8.3) follow from (7.15) and (7.13). (8.4) follows from (7.17) and (8.5) 
follows from ^M- □ 
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Lemma 8.3. The following identities hold in gr^Y^ : 
(a) 



(b) 
(c) 
(d) 



[<i+2;ij, ^2i,a+2;/.,fe] = 0, for all \ < a < m + u - 2, (8.6) 



4!l+2;/»,fc] =0, foralll<a<m + n-2, (8.7) 



[Eti+2■,^,pE^^+W,h,k\ = 0, foralll<a<m + n-^, (8.8) 



\E^,i,P^l+i,h,k\ = 0, foralll<a<c<h<m + n. (8.9) 



Proof, (a) By (8.5) and (8.4), we have 

( 1 ^a+Tr R^(^) 1 — r r'F^'') i T'^*) i 

I L-^a,a+2;ij ) -^a+l,a+2;/i,fcJ " [ l^a,a+l;i,/ ' -^a+l,a+2;/,jJ ' -^a+l,a+2;h,fcj 

_ rr"pW "p^'*) 1 1 

- L L-^a,a+l;i,/' -^a+l,a+2;/jJ ) ^ a+l,a+2;h,k J 

- - L L-f^a,a+l;i,/' -'^a+l,a+2;/jJ ' -C'a+l,a+2;/i,fe J 

and the last term is zero by (8.4). 

(g\ 

(b) The same method in (a) works, except that we apply (8.5) on the term a+2:h k- 

(c) It takes some effort in this case due to the Z2-grading. First assume that 
a ^ m — 1. We apply (8.5) on the left hand side of (8.8) and use the super-Jacobi 
identity: 

r ] — ( 1 \^+^ r r-p(^) 1 r-p(l) c^C*) 1 1 

[■'^a,a+2;i,ji-'^a+l,a+3;h,k\ — [[^a,a+l;i,h^ ■^a+l,a+2;h,j\ ^ l^a+l,a+2]h,jj -'^a+2,a+3;j,k\ \ 

— \ [\.-^a,a+l;i,hJ ■^a+l,a+2;h,jh ■^a+l,a+2;h,jh ■^a+2,a+3;j,k 

"T^V -"-J -^a+l,a+2;?ij5 L L-^a,a+l;i,fe'-^a+l,a+2;?ijJ)-^a+2,a+3;j,A;J 

where e is (—1)"^, a is the degree of [E^a,a+i;i,h' Ea^+i,a+2;h,j] /3 is the degree of 

E^a+i,a+2;h,j ■ (8-4), the first term is zero. Moreover, by our assumption that a ^ m—1, 

the elements -E^+i a+2-h j even and hence e is 1. Keep using the super-Jacobi identity 
and Lemma 8.2, we may deduce that the above equals to 

/_-i\a+T+a+2 r-p(i) r r"p(^) 'V^^^ 1 "P*^*) l" 

I [■'^a+l,a+2;h,jT l[^a,a+l;i,hT^a+l,a+2;h,j\y-'^a+2,a+3;j,k\ 

_( -|\^+^r-p(i) r-p{r) r-p(i) lll-Ln 

— y — l) ^a+l,a+2;h,j' [-^ a,a+l;i,hA-^ a+l,a+2;h,j ^ ■'^ a+2,a+3;j,k\ 1 " 

— r-na+T+a+s r r"p(i) 1 r'p(i) ll_Ln 

— I ^) L L-^a+l,a+2;hJ) -^a,a+l;i,/iJ) l-'^a+l,a+2;/i,j' -^a+2,a+3;i,A;J J " 

_ / -1 ^^+H+2 r r-p(»-) ] r-p(l) i] 

— ~ V -"-J L L-^a,a+l;i,/i' -^a+l,a+2;/i,jJ > L-^a+l,a+2;h,j5 -^^0+2,0+3;^,^] J 

— _ rp(^) P^*) 1 

— [^a,a+2;i,j ) -^o+l,a+3;/i,feJ • 
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Therefore, (8.8) is true for all a 7^ m — 1. 

Now let a = m — 1, same method shows that 

L ^m— l,m+l;i,j ' ^m,m+2;h,k \ 

L\ I ^m— l,m;i,/ ' ^m,m+l;/,j J ' V I -'-'m,m+l;/i,g ' ^m+l,m+2;g,fc J J 

= + r rp('^) 1 r"p(^) 1 1 

-'- [ [ m—l,m;i,f i in,m+l;f,jl ' I m,m+l;h,g ' m+l,m,+2;(ji,fcJ J ' 

which is zero by (jT.ip and hence (8.8) is true when a = m — 1 as well. 

(d) By super- Jacobi identity and (8.5), it is enough to show the following 2 cases: 

[4';c+i;i,i,^2+i;h,fc] = 0, for ah a < c, (8.10) 

and 

[^2+i;i,i,^2+2;ft,fc] = 0, for ah a<c. (8.11) 
They can be proved by using (8.2) — (8.8) and induction on c — a. We show (8.10) in 
detail here. When c = a -|- 1, it follows directly from (8.6). Now assume c > a + 1. By 
(8.5) and super-Jacobi identity, we have 

r ] - \ ( 1 \^ 1 1 

['^a,c+l;i,j^ '^c,c+l;h,k\ — [\ ^) i-^ a,a+l;ij ^ a+l,c+l;f,j I ^ c,c+l;h,k 1 
= ( — 1)°^"^ [^i,a+l;i,/i [^a+l,c+l;f,j^ ^c,c+l;h,k\ ] ^ [-^a+l,c+l;/J ' [-^i,a+l;i,/i ^c,c+l;h,k\ ] ■ 

The first term is zero by induction hypothesis and the second term is also zero by 
(8.2). □ 

Proof of claim*. Without loss of generality, we may assume that a < c. The proof is 
split into 7 cases and we prove them one by one. 

Case 1. a < b < c < d: 

It follows directly from (8.2) and (8.5) that the bracket in (8.1) is zero. 

Case 2. a < b = c < d: 

By (8.3) and (8.5), we have 

' ^b,b+'i-;h,kii ~ ^-'^b~l,b;ii,j ^ ^b,b+l;h,kii — ^b-l,b+l;ii,ki- K"-^"^) 

Note that when h ^ j, the bracket is zero by (7.13) and hence the 6hj comes out. 
Taking the bracket on both sides of the equation (8.12) with the elements 

^b+l,b+2;ki,k2' b+2,b+3;k2,k3' ' ' ' ' ^ d-l,d]kd-i,k 

from the right and using the super-Jacobi identity, (8.2) and (8.5), we have 

[^b-l,l,ii,j ' ^b,d;h,k\ = • (8.13) 

Taking brackets on both sides of (8.13) with the elements 
-p(i) -p(i) -p(i) 

^b-2,b-l;i2,ii ' ^b-3,b-2;ii,i2 ' " " " ; ^ a,a+l;i,ii,_a-i 

from the left and using exactly the same method as above, we have 
i^alij > ^M;h,fe] = as desired. 
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Case 3. a < c <b = d: 

Using the super- Jacobi identity, (8.5) and (8.9), we have 

r"p('') 1 _ r / 1 xB+Tr-p(l) ^(s) , 1 

[^a,b;i,j^-^c,b;h,kl — [-^a,b;i,j^ {~ ^) [-^c,c+l;/i,/i5 -^c+l,6;/i,feJ J 

= (-1)^^+"^ [ [-E^.jj , -Ec^c+l;/i,/i]) -^c+l,b;/i,A:] 
± (-1)"^+^ {^i,l+l;h,fi ' ' -^c+l,6;/i,fc] ] 



= ... = ± 



^c,c+l;h,fi ' L-f^c+l,c+2;/i,/2' " " " ' i^a,b;i,j ' -f^6-l,6;/6_i_e,fcJ J ' ' ' 



By (8.9) again, the bracket [e'^^I,^^ , El\,.f^_^_J = 0. 

Case 4. a < c < d < 6: 

Using the same method as in Case 3, we have 

[^al;i,ji Ec,d;h,k\ = [-^ai;ij) (^1)'^"^'^ [-^c,c+l;/i,/i ) -^c+l,d;/i,fc] ] 
= (-1)'^'^"^ [ [i^^j.jj , -E'[.J_|_]^.;jjJ, ] 

± (-1)''+^ [-Slc+l;/j,/i ) ' -^i+l,d;/i,fc] ] 

= lb (-1)"+^ [-£^c,c+l;/j,/i ' ' ] 



= ... = ± 



^c,c+l;h,fi > L-^c+l,c+2;/i,/2 ' " " " ' \.^a,b;i,j ' -^d-l,d;/d_i_e,fcJ J ' ' ' 



By (8.9) again, the bracket [E^^l.j , = 0. 



Case 5. a < c < 6 < d: 

We prove this case by induction on d — b > 1. When d — 6 = 1, we have 

Now the bracket in the first term is zero by Case 3, and we may rewrite the whole 
second term as ±[£Jjj -E^^^j/ij], which is zero by Case 4. Assume that d—b > 1, 

then d — 1 > b. By (8.5), the bracket becomes 

[^al;i,j^^c,d;h,k\ = [^al;i,j : ^[^c,d-l;h,f ^ ^d-l,d;f,k]] 

= {-ly ^ [ [E^l-ij , , E^j^^d-f^k] =•= [^i.d-l-h,f ' i^il-.ij ■ Ed-l,d;f-k^ ] ■ 

The bracket in the first term is zero by induction hypothesis, while the bracket in 
the second term is zero as well by Case 1. 

Case 6. a = c < b < d: 

[^a,b;i,j^-^a,d;h,k\ — [-^a,b;i,j^ \~^) l-^ a,a+l;hj ■> ^a+l,d;f,k\\ 
= (-l)""*"^ [ [Eil;i,j ) ^iji+l-hj] ' -^i+l,d;ft,fe] 
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(r) (s) 

Note that [E^ ^^.^ j , -E'a+i^d /^fc] = by Case 5. Hence it is enough to show that 

, ^2+ W] = 0, for all b>a. (8.14) 

We prove (8.14) by induction on 6 — a > 1. When 6 — a = 1, it follows from (8.2). 
Now assume b — a > 1. By (8.5), we have 

[^al;i,j ' -^i,a+l;h,/] = ^ [^al-l;i,g ) ^b-l,b;g,j] ) -^i,a+l;/i,/] 

= ( — 1)^ ^ \^al-l;i,g ' [^b-l,b;g,j ^ -^a,a+l;?t,/] ] 
zb (-1)^ ^ [Eb-l,b;g,j ' [-^i,Ll;j,g ' ^i}i+l;hj] ] ■ 

tr) (1) 

Note that [ElU;i,g , K, .a+i;hj] — by induction hypothesis. Also by (8.2), 

[Eb-i,b;g,j , E^al+i;hj] = unless 6 - 1 = a + 1. When b - 1 = a + 1, (8.14) 

becomes [^„,„+2;*,j > ^a,a+i;/»,/]> ^hich is zero by (8.7). 

Case 7. a = c < b = d: 
We claim that 

If & = a + 1, it follows directly from (8.2). If 6 > a + 1, we may expand one term 
in the bracket of (8.15) by (8.5) as follow. 

= (-1)^ [-E'ij-ljiJ , > 

± ( — 1)^ ^ ' ^^al-l;ij ) -^ai;h,fc]]- 

Note that , = by Case 3 and [^'^Li;^,/ , Ei%h,k] = by Case 6. 

Therefore, we have proved (8.15). 

This completes the proof of claim*. □ 

Proposition 8.4. The images of the monomials in Proposition \8.1\ under T are linearly 
independent. 

Proof. By Corollarv 12.21 we may identify gr^Y{Q\j^[\j^) = gr^Y^ with the loop superal- 



gebra U{Q\M\N[t]) via 



We consider the following composition 

5r^y- ® gr'^Yl ® gr^^Y^ ^ gr% ^ gr'^Y^ ^ U{Q{M\N[t])- 

Let ria := /xi + + • • • + /^a for short. By Proposition 13. H the image of E^ j^.^j 
(resp. -C^a;i,j' ^b,a;i,j) Under the above composition map is {—l)^°-~^^En^^i^n,,+jt^~ 
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(resp. {-ir^+'En^+i^n.+jr-\ {-lT^+'En,^,^n^+jV-^ ). By the PBW theorem for 
?7(g[^l^[i]), the set of all monomials in 

[gr^^iD^alj I 1 < a < m + n, I < hj < fia, r >l] 
U {grr-iE^a,ii,j <a<b<m + n, 1 < i < fiaA < j < f^b, r > l} 
U {grtiFliij \l<a<b<m + n, l<i<fibA<j<f^a,r>l} 
taken in certain fixed order forms a basis for gr^Y^ and hence Proposition l8.4l follows. □ 

Let y^, and Y~ denote the subalgebras of Y^ generated by all the D's, i?'s and 
i^'s, respectively. Along the proofs of Proposition [STTl and Proposition [831 we have found 
the PBW bases for each of these algebras. 

Corollary 8.5. (1) The set of monomials in {D^J j}Ka<m+n,i<i,j<fia,r>i to-ken in 
certain fixed order forms a basis for Y^ . 

(2) The set of monomials in {-Ei^b.jj}i<a<fe<m+n,i<j<At„,i<i<Mi>,»'>i ^"^^'^ ^'^ certain 
fixed order forms a basis for Y^ . 

(3) The set of monomials in {Fl^^^l■^ j]l<a<h<m+n,l<i<^l,,,l<i<^la,r>l taken in certain fixed 
order forms a basis for Y^ . 

(4) The set of monomials in the union of the elements listed in (1), (2) and (3) taken 
in certain fixed order forms a basis for Yfj_ . 
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